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Abstract 

One of the main issues in the mathematical theory of human systems is the influence of the size 

of a group of people on the characteristics of the system, which is otherwise represented as the 

non-linear scaling problem of human systems. 

In the history of mankind there were many cases when stable state unions were created from the 

unity of tribal communities with a low level of development, and at the same time there are 

many cases when powerful statehood with a high level of development collapsed in a very short 

period of time. 

In the general theory of systems, these and related questions unite around a common scientific 

problem, namely, how systems with certain characteristics (in this case, human systems, 

including: states, societies, organizations, parties, and so on) can be constructed from elements 

with known properties (in this case, from people) so that they are stable and prosperous. 

From this point of view, the simplest case is the formation of groups of people of different scale 

with given properties, taking into account the nonlinear transformations accompanying such 

scaling. 

The second part of this article is devoted to the study of such integral characteristics of human 

groups as the energy for their cooperation, social solidarity and social capital. 

Introduction 

Creating viable social groups of individuals is one of the most important problems of building a 

social hierarchy in society, a problem on whose solution the stability of society and the quality 

of life of people depend. 

The energy model of interaction at the human level, presented in the first part of the work, 

makes it possible to evaluate a person’s contribution to creating an atmosphere of solidarity or 

asabiya in society and the formation of social capital [1]. 

                                                 
1 How to cite this paper: Barseghyan, P. (2019). Mathematical models of human cooperation and the transformation 

of human capital into social capital. Part 2. Quantitative models of social solidarity (asabiya) and social capital at 

the level of groups of people and society; PM World Journal, Vol. VIII, Issue IV (May).  
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If we approach the problem of contacts and interaction between people from a quantitative point 

of view, we will see that a widely used field approach in physics can also be useful for 

describing people's behavior and activities. 

The fact is that each person has contacts and connections with the human environment and 

creates around himself a certain sphere of influence and corresponding social fields. 

These contacts and connections can have different physical, material, financial, informational, 

psychological and other expressions, which can also be measured in various ways. 

The social fields created by man and a group of people are as realistic as the electric, magnetic 

and thermal fields in physics, and therefore classical field approaches and methods from the 

realm of physics can be widely used to describe them quantitatively. 

The various ways in which people interact and communicate make society a continuous medium 

of their interaction, an idealized representation of which allows us to consider many aspects of 

people's social life, including social solidarity and social capital, as part of an quantitative 

approach. 

For the purposes of mathematical modeling, human life and activities are divided into 

corresponding action flows, which allows each of the above flows to be represented as a 

separate equation of state, which, in turn, is related to equations of state representing other flows 

of human actions. 

That is, as a result, it turns out that human life and activities as a whole are represented as an 

algebraic system of equations of state. 

In particular, such an approach can be used for the quantitative consideration of such an urgent 

problem for any statehood as the problem of the relationship between personal interests and 

public interests of citizens. 

If people do not have a rational attitude to this problem, which can be expressed by the absence 

of even a small but sacrificial act in this direction, this will indicate the weakness of the public 

thinking of people, and as a result the state itself will also not be effective. 

The same applies to the economic development of a country, the effectiveness of its judicial 

system and other features and indicators of a country at a system level that directly depend on 

the level of activity of an ordinary citizen. 

The basis of all these state-building efforts is human capital, which, with its ability to unite and 

pursue common goals, creates social capital and an appropriate environment for the successful 

development of statehood. 

The egoistic tendencies of people and their desire for cooperation and conflict play a central role 

in this process, which quantitative analysis is the main topic of the present work. 

A quantitative representation of these phenomena and processes in the form of mathematical 

models and equations allows us to create a whole set of qualitative and structural patterns aimed 

at the effective management of society. 
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The quantitative representation of the social life of a society should be based on mathematical 

models representing people's tendencies towards selfishness and cooperation, which will clearly 

reflect the necessary balance between the personal and social interests of people. 

It is also important to note here that there is a certain turning point when an ordinary person 

feels that public interests are his own personal gain, and in the implementation of which 

statehood with a fair and rational institutional structure can play an important role. 

To study group behavior of people, the principle of superposition of mutual influences of people 

is also important, which, as a rule, is non-linear, but in the first approximation it can be 

considered linear and used to estimate group parameters of people. 

Energy based approach to the quantitative description of people's behavior and activities 

The energy based approach to the mathematical modeling of human systems can become one of 

the bridges connecting social life with its resource base. 

It is a well-known fact that the aspirations and goals of people can be achieved only if there is an 

appropriate energy base, including every minute energy consumption by people, the source of 

which is the food they take and which underlies their cooperation with other members of 

society. 

In addition, it is a well-known fact that the limited energy and power of people and human 

systems in general can have a decisive influence on their behavior and activities. 

Generally speaking, the limited capacity of people can serve as a starting point for understanding 

and predicting their behavior and actions. 

In the same way, it is possible to explain the impact of the limitations of other resources on 

social life and related events and their forecasts, including financial, technological, 

infrastructural and other restrictions. 

The energy approach is also very important from the point of view of mathematical modeling of 

social life in the sense that such an approach provides a direct link between social phenomena 

and the fundamental principle of energy conservation. 

The latter, in turn, will be a useful factor for a deeper and more detailed understanding of social 

life, using the approaches and methods of classical equilibrium thermodynamics, while 

clarifying concepts such as the temperature of society and the entropy of people's social life [3]. 

The fact is that the concept of entropy for the quantitative representation of a balanced life of 

society is of key and fundamental importance, and the idea that this concept is associated with 

the degree of disorder of systems and the unpredictability of their behavior requires more 

reasonable interpretations. 

According to the classical definition, if a closed thermodynamic system is in a nonequilibrium 

state, then subsequent processes lead to an increase in the system's entropy and a gradual 

transition of the system to an equilibrium state and the maximum entropy value [4]. 
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In this sense, it is logical to interpret entropy not as a measure of system disorder, but as a 

measure of its equilibrium, which is a completely different and potentially richer interpretation 

of the concept of entropy. 

In addition, according to Boltzmann's definition in statistical mechanics, the greater the number 

of possible states the system may be in, the greater the entropy [4, 5]. 

That is, if we approach the question from the point of view of the number of possible states of 

the system, then the entropy can represent the magnitude of the diversity of the system. 

Summarizing what has been said about entropy, it is much more natural and logical to interpret 

this value not as a measure of disorder in the system, but rather as a measure of the equilibrium 

and diversity of the system, in particular, of the human system. 

If we go back to the quantitative aspects of human behavior and activity, then even if the 

necessary amount of energy is available, but with limited possibilities for its transmission or 

distribution, both an individual’s physiological depletion and a loss at a higher social level due 

to limited infrastructure possibilities may occur. 

Energy based model of cooperation between people at group level 

The energy function )(xu  at the individual level, which reflects communication between 

people and their mutual influence, has great potential to reflect the behavior of groups of people 

and to evaluate its characteristics of the system level as social capital and other system-wide 

parameters. 

In order to reveal the potential of the function of energy interaction between people )(xu , let's 

consider a simplified model of society in which people are located along the x  axis according 

to the principle of their maximum proximity to each other (Fig. 1). 

Such a model represents a group of equally distributed people along the x  axis, with a 

symmetrical and uniform interaction between them, where each person has his own local human 

environment. 

In the model, each individual spends U energy for his needs and for cooperation with other 

people, half of which is directed to the right side of a person, and the other half is symmetrical to 

the left side of him. 

The figure shows the case when each of the people collaborates with five people on the right and 

left. 

The presented model is based on the simplification of the structure of society, where each person 

has a local living environment with which he has limited contacts and communication, and, 

moreover, these contacts and communication are concentrated in close proximity to the person. 

This circumstance, that is, that the contacts of people are concentrated in their immediate 

vicinity, is the cornerstone of the presented model, which, in turn, is connected with the 

http://www.pmworldjournal.com/
http://www.pmworldlibrary.net/


PM World Journal  Mathematical models of human cooperation 

Vol. VIII, Issue IV – May 2019  Part 2: Quantitative models of social solidarity 

www.pmworldjournal.com  Featured Paper by Pavel Barseghyan, PhD 

 

 
 

 

 
© 2019 Pavel Barseghyan              www.pmworldlibrary.net Page 5 of 13 

principles of rationality of social life, such as requiring maximum safety of people and a 

minimum of their energy consumption. 

These principles, which are more justified for primitive societies, suggest that, in general, 

relatively distant connections and contacts for both people and animals are dangerous and 

energy-intensive. 

In parallel with the development of society, which is accompanied by improved conditions for 

the safety of people and the solution of their transportation problems, their remote contacts with 

other people are gradually becoming more justified. 

 
Fig.1 The assignment of an idealized image of relationships between people allows one to 

quantify the extent of cooperation between people and groups of people at different distances, 

the potential for cooperation within a group of people, etc. 

This will mean that the average function )(xu  of one individual in developed societies 

compared with the same function in primitive societies will fall more slowly (Fig. 2). 

Energy based mathematical models of human cooperation 

For a quantitative study of group characteristics of people, let's consider a simplified graphical 

model of their cooperation presented in Fig.3. 

In this graphical model, each person has an energy function )(xu  of his cooperation with 

others, which is correspondingly shifted along the x  axis. 
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Fig.2 In primitive societies, which are represented in red in the figure, a person communicates 

with fewer people than in developed societies. 

To implement such a shift in the size i  of the energy function )(xu  along the x  axis, it is 

enough to represent this function as )( ixu − . 

In particular, in the case of the exponential function ][)( xUExpxu −=  used in the first part 

of this work, the indicated displacement of this function along the x  axis will have the 

following form - )]([)( ixUExpixu −−=−  . 

In addition, in the graphic model shown in Fig.3, the energy U  of an arbitrary i -th person is 

symmetrically distributed between his right and left neighbors. This means that the analytical 

expression of the right half of the function )( ixu −  of the i -th person will be. 

                       )]([
2

)()( ixExp
U

ixuxui −−=−=  :                               (1) 

This expression can be used to estimate the amount of energy consumed in a compact group of 

N  people for the personal purposes of the i -th person and for the purposes of his cooperation 

with others. 
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Thus, the energy consumption iRU  of an arbitrary i -th  person for cooperation with neighbors 

from the group located to the right of him will be 

                )1()1()1()1( iNuuiNuiiuU iiiiR −−−=−−−−+=          (2) 

Substituting the values of the function )()( ixuxui −=  from (1) into the expression (2), we 

get )]}1([][{
2

)1()1( iNExpExp
U

iNuuU iiR −−−−−=−−−=           (3) 

 

Fig.3 A simplified graphical model of the common life of people, where each i -th  person has 

an energy function )( ixu −  for interacting with neighbors, which is shifted along with x  

axces in accordance with the position of a particular person 

Using the principle of superposition, the energy spent on the collaboration of a group of N  

people can be estimated as follows 

                                         
−

=
1

0

)(
N

iRR UNU                                             (4) 

Taking into account that expression (4) applies only to persons who are located to the right of 

thе giwen point on the x  axis and considering that symmetrically the same amount of energy is 

spent on contacts with people located on the left side of the same point, the total energy 

expenditure on cooperation inside the group will be 

                
−

==+=
1

0

2)(2)()()(
N

iRRLRIC UNUNUNUNU          (5) 

Substituting the value of the quantity 
iRU  from expression (2) into (5), we obtain 

http://www.pmworldjournal.com/
http://www.pmworldlibrary.net/


PM World Journal  Mathematical models of human cooperation 

Vol. VIII, Issue IV – May 2019  Part 2: Quantitative models of social solidarity 

www.pmworldjournal.com  Featured Paper by Pavel Barseghyan, PhD 

 

 
 

 

 
© 2019 Pavel Barseghyan              www.pmworldlibrary.net Page 8 of 13 

              ])1()1([22)(
1

0

1

0


−−

−−−==
N

i

N

iRIC iNuuUNU                 (6) 

Simplifying expression (6), for the total energy consumption for cooperation, one can obtain: 

                     ])1()1([2)(
1

0


−

−−−=
N

iIC iNuNuNU                         (7) 

The group of people, in addition to internal relations and contacts, also has external relations 

with other people, for the realization of which some of its total energy is consumed, for the 

evaluation of which we will continue to consider the graphical model of cooperation of people 

shown in Fig.3. 

To do this, consider the consumption of energy of a i -th person with neighbors on the right side 

of the group, which will be equal to the value of the energy function )( ixu −  of this person at 

the point 1−N  and will be defined as follows 

                                         )1( iNuUiRO −−=                                      (8) 

This means that the energy ROU  spent inside the group on contacts and cooperation with the 

people to their right, according to the law of superposition will be equal to the sum of the 

energies iROU  spent by all N  members of the group, that is, 

                                   
−−

−−==
1

0

1

0

)1(
NN

iRORO iNuUU                      (9) 

Taking into account the fact that the energy consumption LOU  of the same human group with 

people located on the left side on the x  axis is symmetrically equal to the energy 

consumption ROU , the total energy consumption OU  of the group for cooperation with others 

within the group will be 

                     
−

−−==+=
1

0

)1(22
N

ROROLOO iNuUUUU             (10) 

Taking into account that all members of the group spend energy UNUT *=  together, it is 

possible to estimate the total amount of energy IU  consumed within the group, including the 

consumption of energy for personal and joint purposes. 

                     
−

−−−=−=
1

0

)1(2*
N

OTI iNuUNUUU                 (11) 
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Since each person in the group spends )1(2))1(
2

(2 uUu
U

−=−  energy on selfish goals, the 

whole group’s energy expenditure egU  for its own purposes will be: 

                                        ))1(2NuNUUeg −=                                  (12)   

From here the energy of collaboration between the members of the group will be 

                                        EgIIC UUNU −=)(                                      (13) 

Substituting the values of the energies IU  and EgU  in expression (13), respectively, from 

expressions (11) and (12), we obtain 

               ])1()1([2)(
1

0


−

−−−=
N

iIC iNuNuNU                               (14) 

Thus, taking into account the expression (1), one can obtain the interaction energy )(NU IC  

between the members of the group 

             })]1([][{)(
1

0


−

−−−−−=
N

IC iNExpNExpUNU           (15) 

Similarly, from expressions (1) and (10) for the energy consumption of the group of people for 

external contacts, one can get. 

                              
−

−−−=
1

0

)]1([
N

O iNExpUU                              (16) 

Together with an increase in the size of a group of people, expressions (15) and (16) can be 

simplified by moving from sums to integrals, which also allows us to continue the analytical 

study of the problem. 

After such a transition from expression (15) for internal energy consumption for cooperation 

between people, one can obtain 

          })]1([][{)(

1

0


−

−−−−−=

N

IC dxxNExpNExpUNU          (17) 

Integrating this expression, we obtain the energy that the human group spends for cooperation, 

as a function of the size of the group N  and the parameter  , the graphic image of which is 

shown in Fig.4 

             ])}[1(
1

][{)( NExpNExpUNU IC 


 −−−−=                  (18) 
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Fig.4 Dependence of energy ICU aimed at the cooperation of people from the group size N and 

parameter  ( 321   ) 

 

Fig.5 Dependence of energy OU  aimed at working with people outside of the group from the 

group size N and parameter  ( 321   ) 

Using the same approach, it is possible from the expression (16) to obtain energy OU   as a 

function of group size N  and parameter  , spent by the human group on external cooperation 

in an exponential society 
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                              ])[1( NExp
U

UO 


−−=  ,                                      (19) 

graphic image of which is shown in Fig.5. 

The internal energy consumption of a group, which is the sum of the energies spent on 

selfishness and cooperation, in the case of exponential societies can be defined by the expression 

(11) and (1) 

 

Fig.6 Dependence of energy IU  aimed at the cooperation of people and their personal needs 

from the group size N and parameter  ( 321   ) 

                   ])][1(
1

[ NExpNUU I 


−−−=                                     (20) 

The graph of this function is shown in Fig.6. 

Mathematical models of people's solidarity, discussed in the first part of work [1], using the 

results obtained in this paper, can be extended to groups of people of different scale. 

Having a variety of energy assessments of the cooperation of people, it is possible with their 

help to continue the study of the key characteristics of the functioning of human systems, 

including human solidarity, human capital, social capital, and so on. 

In particular, the same results can also be used to study such important problems of public life as 

the problem of the relationship between egoism and altruism of people, the relationship and 

balance between one’s own interests and the interests of society, which will be presented in the 

third part of the work. 
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Conclusions 

1. Energy interaction functions, which represent a quantitative model of cooperation 

between people, create a wide range of opportunities for bottom-up analysis of the 

characteristics of a group of people of different scale. 

2. The method of evaluation of group or integral characteristics of people is based on the 

principle of superposition of their energy fields. 

3. The methods proposed in the work on modeling the behavior and activities of people 

focus on the key issue, namely the use of the classical field approach, widely used in 

physics, for a quantitative representation of various fields created by man. 

4. In this sense, there must be a discussion about the field of people's influence on others, 

about moral, power and other fields created by man, and so on. 

Future work 

Mathematical modeling of cooperation between people and their multi-factor interactions is 

based on a flow-based approach, in which interactions between people can be represented as 

some kind of flow, be it energy flow, the spread of people's moods and intentions, etc. 

In turn, the indicated flows, be they energy or informational, can be represented by means of 

differential equations, which will be considered in the third part of the paper. 
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