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Abstract 

From the point of view of mathematical modeling, the qualitative adequacy and quantitative 

accuracy of the methodology for describing human activities are directly based on the 

qualitative adequacy and quantitative accuracy of the deterministic patterns of their behavior 

and the probability distributions of the parameters contained in them. 

If we consider the output parameters representing human activity from this point of view, 

such as, say, the duration of activities performed by people, then it should be said that there 

are many uncertainties in the choice of the probability distributions of these quantities, which 

directly affect the quality of simulations. 

In particular, this issue is of particular interest from the point of view of the transition from 

the Gaussian paradigm to the Paretian paradigm. 

This work is devoted to the analytical substantiation of the probability distributions of the 

output parameters of human activity using the method of equations of state of human systems. 

Introduction 

To ensure progress in various spheres of people's lives, methods of planning their activities, 

forecasting the future and assessing various associated risks are needed. 

In each specific case of any human activity, it is assumed that certain results will be obtained 

in such conditions when the necessary resources are influenced by random factors, and people, 

acting in random environments, in turn, have random characteristics. 

In such conditions, the organization of human activity and the analysis of its feasibility 

involves the use of expert systems, which should be based on the basic quantitative laws of 
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human life, behavior and activity of a deterministic nature and the probability distributions 

of system parameters included in these laws. 

Based on this analysis, decisions are made about what needs to be done at the moment, and 

the future is predicted based on tactical and far-reaching strategic considerations. 

It is also clear that tactical goals, decisions and corresponding actions naturally follow from 

general strategic considerations. 

From the point of view of mathematical modeling, the qualitative adequacy and quantitative 

accuracy of the description of human activity are directly based on the qualitative adequacy 

and quantitative accuracy of the above-mentioned deterministic relationships and probability 

distributions of system level parameters of human activity. 

If we consider the input and output parameters of the activity of human systems from this 

point of view, then it should be noted that at present there are many fundamental and practical 

uncertainties in the choice and substantiation of the probability distributions of these 

quantities. 

First of all, these uncertainties are associated with the current transition from the Gaussian 

paradigm of the analysis of human activity to the Paretian paradigm, the choice of probability 

distributions of the parameters of human activity for this analysis and the manipulations 

performed on them. 

Despite the fact that many important studies have been carried out in this direction [1,2,3,4], 

there are still fundamental and practical difficulties in this area. 

Moreover, there are fundamental difficulties both in the field of representing the 

deterministic laws of human activity, and in the field of choosing the probability distributions 

of system parameters that characterize their activities, which will be presented below. 

As for the difficulties of an applied nature in this direction, they inherently have both 

objective and subjective features, of which the following three can be distinguished: 

1. The limited capabilities of methodologies and the underlying mathematical models, 

because of which human intuition plays an important role in them, which, in turn, 

carries the risk of people making arbitrary decisions. 

2. These methods do not have a full scientific justification, they mainly have a business 

focus, which can become a possible reason for the loss of a business in the future. 
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3. Subjectively, the Gaussian paradigm is more easily understood by people, on the 

other hand, understanding the Paretian paradigm requires deeper scientific training. 

Despite these difficulties, there is a gradual transition from the Gaussian paradigm to the 

Pareto paradigm, which is dictated by the limited possibilities of the Gaussian approach and 

is carried out under the pressure of business practice. 

However, both of these approaches and the models based on them take place in real life as 

adequate reflections of the life, behavior and activities of people in various situations. 

Observations and scientific analysis of the life, behavior and activity of human systems show 

that the behavior of the same system under different conditions can be adequately represented 

in one case by Gaussian models, and in the other by Pareto-type models. 

This means that if it is possible to construct a fundamental mathematical theory describing 

the life, behavior and activity of human systems, then within the framework of this approach 

it will be possible to present the Gaussian and Paretian paradigms as different concrete 

examples of the application of the same theory. 

In this sense, the mathematical theory of human systems creates the necessary capabilities 

that, with the help of the mathematical apparatus of the equations of state, allow combining 

the resources necessary for activity, human properties and the results of human efforts in one 

quantitative model of human activity [5]. 

In particular, this new theory allows the method of the equations of state to be applied to 

planning and evaluating project behavior in high-risk areas. 

A high level of project risk can be caused by various sources and reasons, including a lack of 

financial, information and other resources, ineffectiveness of the project team, conflict 

situations, etc. 

Thus, in a multidimensional high-risk environment, a consistent transition from the Gaussian 

paradigm to the Pareto paradigm, which has much wider possibilities, is very important to 

improve the quality of project planning and execution. 

It can be shown that if two different project teams with different performance capabilities 

perform the same project under the same conditions, it is possible that estimates for a high-

performing team are made using a Gaussian approach, and for estimates for a lower-

performing team, the Pareto approach. 
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This is because what is risky for a weak team may not be risky for a strong team. 

In other words, design complexity of a project that is non-linear for a weak team can be linear 

for a strong team. 

One of the main goals of this paper is to show that both the Gaussian approach and the Pareto 

approach are applicable to the analysis of various project situations, and that Pareto-type 

analysis is adequate in the high-risk area. 

The further purpose of this article is to show, using specific examples based on equations of 

state, that under different conditions, the same mathematical model for the output parameters 

of human activity can generate various probabilistic distributions, including Gaussian 

distribution, skewed distributions, and fat tail distributions. 

State equations of the activity of human systems and the probability distributions of its 

output parameters 

The characteristic parameters of many created by nature and man-made phenomena and 

material objects naturally obey the Gaussian law of normal distribution. 

These can be the size and weight of people, animals and plants, the characteristics of factory 

products, and so on. 

In contrast to these quantities, which have symmetric distributions of their characteristic 

parameters that are best approximated by Gaussian law, many of the parameters associated 

with the operation of human systems have asymmetric distributions, some of which have fat-

tailed distributions. 

As mentioned above, in various spheres of human activity, including project management, 

entrepreneurship, public administration, etc., under the pressure of practical requirements, 

there is a gradual transition from the Gaussian paradigm to the Paretian paradigm. 

This is manifested in the fact that various symmetric and asymmetric distributions are 

introduced into circulation, thus meeting specific requirements for simulating phenomena 

and processes in various fields of human activity. 

Although these studies cover both purely mathematical aspects of the problem and the issues 

of applied quantitative modeling, they do not solve the main problem, which consists in 

creating a general concept and theory of probability distributions of the output parameters of 

the activity of human systems. 
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More generally, the solution of the problem lies in a unified quantitative approach to 

describing the life, behavior and activities of human systems, ideally in the form of a unified 

mathematical theory of the fundamental nature of these systems. 

The role of this theory in solving the problem under consideration is that it allows one to 

obtain the results of human activity as a function of input parameters that characterize the 

resources necessary for the activity and the characteristics of people. 

Having these functional relationships and some empirical data, as well as hypotheses regarding 

the distributions of input parameters and using analytical means, one can obtain the 

probability distributions of the output parameters of human activity. 

This method allows to obtain probability distributions of the output parameters of human 

activity by much more reliable analytical methods compared to the choice of these 

distributions in a hypothetical way. 

In this sense, the equations of state of human systems provide ample opportunities for the 

study of these distributions by analytical methods and their practical applications [5]. 

The equations of the state of life, behavior and activity of people reflect the idea of the 

continuity of life of human systems and quantitatively combine the resources necessary for 

the functioning of human systems, human experience, knowledge and skills, the complexity 

of life, as well as the results of their activities in the form of quality and level of life, safety of 

people, progress of society, and so on. 

This theory is based on the equations of state of human systems, which are the result of a 

balance between the sequence of demands of life, presented to people and the actions they 

take to meet these demands. 

The components of this balance are: 

- The magnitude, difficulty and complexity of the successive problems that people face 

in life; 

- Biological, social, material, intangible, ideological, moral and other resources 

necessary for human activity, 

- Experience, knowledge and skills of people, 

- The results of human activity. 
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The combination of parametric representations of these components and the conditions of 

balance between the needs of life and human capabilities give rise to equations representing 

the state of human systems. 

The life, behavior and activity of human systems can be in static or dynamic modes, that is, 

the parameters that represent their state may not depend or depend on time. 

The static state of human systems is represented by algebraic equations, and the dynamic state 

is represented by differential equations [5,6]. 

In the simplest case, the static mode of human activity can be represented by the following 

equation of state 

                                       𝑁 ∗ 𝑇 ∗ 𝑃 = 𝑊 ∗ 𝐷                                                (1) 

This equation describes the case where a collaborative group of 𝑁 people, working at 

performance 𝑃 during period 𝑇, performs an activity of size 𝑊 and difficulty 𝐷. 

Taking into account that the difficulty of human activity 𝐷 has an upper limit of feasibility �̅� 

then the equation of state will look like this [7] 

                                       𝑁 ∗ 𝑇 ∗ 𝑃 = 𝑊 ∗  
�̅�∗D

�̅�−D
                                              (2) 

Some of the parameters included in these equations are input parameters, the second part 

represends itself the process of human activity, and the third part is the output parameters of 

the same activity. 

In particular, as an output parameter, one can consider the duration of human activity 𝑇. 

All parameters included in the equations of state, including those representing resources, the 

complexity of life requirements, human capabilities and results of human activity, as 

mentioned above, also have random components that can have arbitrary probability 

distributions depending on the situation or other circumstances. 

As for the considered symmetric, asymmetric and fat-tailed distributions, they can, depending 

on the situation and circumstances, describe the behavior of the input and output parameters 

of human systems. 

The meaning and role of the probabilistic interpretation of these equations is that they 

transform the distributions of the input parameters into the distributions of the output 

parameters. 
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In other words, in an analytical way, that is, using the equations of state, functional 

dependences of the output parameters on the input parameters of the human system are 

obtained, and, therefore, the output parameters are considered as functions of random 

arguments, that is, input parameters. 

Let's use this approach to study the probability distributions of duration 𝑇, considering it as 

one of the output parameters of human activity. 

Duration of human activity as a function of random arguments 

From the above equations of state (1) և (2), two expressions can be obtained for the duration 

𝑇 of human activity, the first of which contains a linear relationship between this value and 

the difficulty of activity 𝐷, and the second contains a nonlinear relationship 𝑇(𝐷), which 

becomes linear in areas of small difficulties (Fig.1): 

In the case of a linear relationship for the duration of human activity, one can get: 

                                       𝑇 = 
𝑊∗D

𝑁∗𝑃
 ,                                                                 (3) 

and in the case of a nonlinear relationship, we get the following expression for the same 

value 

                               𝑇 =  
𝑊

𝑁∗𝑃
 ∗

�̅�∗D

�̅�−D
                                                                (4) 

All quantities on the right side of these expressions in various life situations can have both 

deterministic and random behavior with corresponding probability distributions. 

 
Fig.1 Graphical representation of linear and nonlinear mathematical models of functional 

relationship 𝑇(𝐷). In the area of small difficulties, the two models coincide. 

Depending on which distributions have input parameters and in which mode a given human 

system operates, linear or nonlinear, the duration of activity will have: 1. normal or other 

symmetric distribution, 2. asymmetric distribution, and 3. fat-tail distribution. 
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Let's consider some typical examples of them as special cases. 

1. All characteristic parameters of the human system described by the equation of state (3) and 

operating in a linear mode are constant values with the exception of the difficulty D, which 

has a normal distribution. 

In this case, the duration of activity T will have a normal distribution as a result of a linear 

transformation of the input normal distribution of difficulty D (red curve of the distribution 

density function in Fig. 2). 

2. All characteristic parameters of the human system described by the equation of state (4) and 

operating in a nonlinear mode are constant values with the exception of the difficulty D, 

which has a normal distribution. 

In this case, the duration of activity T will have an asymmetric distribution due to the 

nonlinearity of the dependence T (D) (brown curve of the distribution density function in Fig. 

2). 

In such a situation, the closer the mean value Dav𝟐 of the distribution function ψ
2
(D)  to the 

upper feasibility limit �̅�, the greater the spread of the asymmetric output function, which will 

eventually become a fat-tailed distribution. 

3. All characteristic parameters of the human system, described by the equation of state (3) 

and operating in a linear mode, are constant values, with the exception of the difficulty D and 

productivity P, which have normal distributions. 

This particular case is of interest in view of the serious delays that unexpectedly occur in the 

normal course of human activity. 
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Fig. 2 Two normal input processes representing a probabilistic picture of human activity 

with distribution densitiy functions of their difficulties ψ
1
(D) and ψ

2
(D) and average values 

𝐷av1 and 𝐷av2 

This case does not imply large risks of delay in the relatively small spread of difficulty 𝐷 and 

productivity 𝑃, which is characteristic of simple human activity. 

But if the spread of these two parameters increases depending on the nature of human activity 

and the state of people, this can cause significant delays in their activity, up to its failure. 

This means that the density distribution function of the duration T of human activity will 

have a large skewness towards large delays. 

Qualitatively, this phenomenon can be explained by the fact that accidentally big difficulties 

in the process of human activity in time can coincide with the low productivity of people. 
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Quantitatively or mathematically, this phenomenon is explained by the fact that the 

distribution of the duration 𝑇 of human activity is the result of the ratio of two normal 

distributions, which is the Cauchy distribution with a fat tail [8,9]. 

4. With regard to the fact that the input parameters themselves can have distributions with 

fat tails, in this sense the parameter of difficulty D, which people face during their activity 

and the efficiency of their activity P are of particular interest. 

These quantities, depending on the scale of the human system, the nature and organization of 

its activities, can have asymmetric distributions with a fat tail. 

In more general cases, the expected distribution function of the duration of human activity 

can be obtained analytically, considering it as the result of the product and ratios of random 

variables with given distributions. 

Continuation of analysis 

The probabilistic analysis of the duration of human activity can be further enriched and 

concretized with the use of more ramified and more representative equations of state. 

In this sense, the following equation of state of the activity of human systems is of particular 

interest. 

                  𝑁 ∗ 𝑇 ∗ 𝑀 ∗ 𝐼𝑀𝑎𝑥 = (1 + 𝑎𝑡𝑎) ∗ (𝑊 −𝑊0)) ∗ 𝐷,                        (5) 

where new parameters were added, such as the relatively easily measurable intensity of 

people's activity 𝐼𝑀𝑎𝑥, the intensity of their errors 𝑎 and the average time 𝑡𝑎 spent on 

correcting one error, as well as the motivation of people 𝑀 and their previous experience 𝑊0 

[5]. 

Similar to probabilistic analysis of the duration of the activity of human systems, it is also 

possible to analyze other output parameters of human activity, including its results and 

associated risks. 

Particular attention should be paid to the probabilistic representation of the complexities 

encountered in human systems in the process of life, complexities that can be many times 

greater than the capabilities of human systems that implement them. 

Among such cases are the so-called “black swans” in the life of large-scale human systems, 

which are rare and difficult to predict, but are largely explainable if they occur [10]. 

http://www.pmworldjournal.com/
http://www.pmworldlibrary.net/


PM World Journal  (ISSN: 2330-4480)                           Analysis of probabilistic distributions of the 

Vol. X, Issue II – February 2021                                              output parameters of human systems  

www.pmworldjournal.com  Featured Paper by Pavel Barseghyan, PhD 

 

 

 

 
© 2021 Pavel Barseghyan       www.pmworldlibrary.net Page 11 of 14 

If we consider the complexities and difficulties that people face in life, then a person very 

rarely encounters extreme complexities and difficulties in everyday life, mainly dealing with 

simple actions. 

This fact suggests that the complexities and difficulties encountered in people's lives can be 

represented by power laws. 

Conclusions 

1. The current paradigm of probabilistic analysis of success and risks of failure associated with 

human activities is based on hypothetical distributions of the considered key parameters, be 

they symmetric or asymmetric, triangular, Gaussian or lognormal, etc. 

2. There is no rational statistical basis for choosing any type of hypothetical distribution for 

assessment of the results of human activities, and the accuracy and quality of solutions based 

on such hypotheses can be characterized by the well-known approach “garbage in, garbage 

out”. 

3. This circumstance speaks of the need to search for fundamentally new ways of solving the 

problem, of which the top-down approach of an analytical or theoretical nature should be 

especially noted, especially taking into account the fundamental impossibility of having 

reliable statistical data in this direction. 

4. Under these conditions, the only acceptable way to solve the problem is to create a reliable 

theory of the quantitative nature of human activities, based on a parametric representation of 

various aspects of human life. 

5. The main goal in this direction is the development of parametric representations or 

mathematical models of various aspects of human activity with relatively easily measurable 

parameters. 

6. The combination of these mathematical models within the framework of a general concept 

or principle that reflects the life, behavior and activities of human systems, allows to build 

mathematical models of these systems of a fundamental nature. 

7. Mathematical models of human systems are in the form of equations of state, which contain 

three types of parameters: input parameters, parameters representing the essence of systems 

and output parameters. 
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8. Input parameters in the equations of state of human activity usually represent financial, 

informational, material, intangible and other resources necessary for the activity. 

9. In the same equations, the parameters reflecting the essence of systems represent the 

characteristics of people and the characteristics of the activities performed. 

10. The output parameters of human activity reflect the quantity and quality of the results of 

the activity, the probability of its successful completion or the risks associated with failure, as 

well as the duration of the activity. 

11. Given that the first two types of parameters are random in nature, but also measurable, it 

is possible to get an idea of their probability distributions by direct measurements or expert 

methods. 

12. On the other hand, mathematical models of human systems make it possible to present the 

results of their activities, including the duration of activities, as functions of random 

parameters in an analytical way in the form of formulas. 

13. This means that the probability distributions of the output parameters of human activity 

can be obtained analytically, using the mathematical apparatus of functions of random 

arguments of probability theory, instead of being hypothesized. 

14. Even if the parameters representing the components of human activity have a symmetric, 

say, Gaussian distribution, the result of their activity may have a fat-tailed distribution due to 

the mathematical form of the equations of state. 
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